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ABSTRACT

In this _eport an analysis of the Michelson stellar, Fizeau double-slit
andthe folding interferometers is given and their relative merits are com-~
pared to a telescope for performing source size measurements. The
atmospheric effects upon these instruments are examined. Experimental
procedures describing the use of the Michelson stellar interferometer are
given. Experimental difficulties encountered in the program are also dis-
cussed, It is concluded that interferometers are a better instrument than
telescopes for source size measurements in the presence of a turbulent
atmosphere if information about the source geometry and intensity distri-
bution is available, When the source geometry and intensity distribution
are not known, then none of the instruments give an absolute Source size
measurement under turbulent conditions.
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FOREWORD

The work described in this report (TQ-B 65-19) was performed
by Technical Gperations Research for the Electronic Systems Divi-
sion of the United States Air Forve under Contract AF19(628)-3871,

The authors wish to acknowledge the aidof Dr. B. J. Thompson,
Dr. G. B. Parrent, Dr. M. J. Beran, Mr, D. A. Servaes, Miss D.
Nyyssonen, and Mr. P. F, Kellen who contsibuted to the research
reported.
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CHAPTER 1

INTRODUCTION

SUMMARY OF OBJECTIVE
PURPOSE

The purpose of this project was to establish the relative advantages of the
interf :romete~ over a single aperture instrument, such as a reflecting or refracting

telescope, for measuring source diameters in the presence of atmospheric
turbulence.

PROBLEMS

Under this contract, Technical Operati. s Research has studied the relative
merits of s stellar interferometer versus a direct imaging system tu uncasure small
angular diameters in the presence of a turbulent atmosphere. It was soon clear
that the interferometer was far better suited to the task than was the direct imaging
syvstem. Further investigation of the interferometric method indicated that it also
has limiwations. The following facts, however, are well established:

1. A random or turbule.t atmosphere produces a deformed wave

front incident on the aperture of the measuring instrument.

2. An imaging system requires an undisturbed (unaberrated)
wave front in order to provide a sharp image.

3. A spatially random variation in the amplitude and phase of a
wave front does not, however, affect the coherence of the wave
at ihe plane of the disturbance.

4. The stellar interferometer determines source size by meas-
uring coherence.

It follows from item 2 above that random phase errors across the aperture of
a telescope produce badly aberrated images that make accurate direct measurement
impossible. The telescope, in this sense, depends on the integrated effects of the
phase errors. On the other hand, the interferometric method requires only the

measurement of the modulus of the degree of cuherence of the incident wave front,
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Therefore, the interferometer need only "see” the field at two different points in
the aperture at any given instant. Now, randomly varying the phase relations be-
tween the field at the two points affects only the phase of the complex degree of
coherence; this results in a shift of the fringes but does not affect the contrast.

The following quantitative considerations are presented to illustrate these points.

The minimum diameters of lenses necessary to allow the direct measurement
of the diameters of small light sources by means of a telescope with, say, a filar
eyepiece are shown in Figure 1 as a function of the angles subtended by the source.”
In plottir.g Figure 1, the condition was imposed that the angular diameter of the
source to be measured should be at least twice the diameter of the diffraction disk.
To measure the diameter of a source subtending 2 x 10'6 rad would, for instance,
require a telescope with an aperture of at least 131 cm! This assumes good astro-

nomical "seeing" conditions. In the presence of any kind of turbulence, a direct

measurement of small sources is likely to be difficult no matter how large the lens.

A major advantage of interferometric methods is that, in general, much smaller
apertures can be used than those required for direct imaging. The lower limit is
set only by the light-gathering requirements of the system, since the diffraction
disk evidently has to be of sufficient intensity to be observed visually, measured
photoelectrically, or recorded photographically. Previous reports on the subject
1 stated, "The application of
interference methods to astronomical measurements is not seriously affected by

are somewhat contradictory. Michelson and Pease

atmospheric disturbances, and indeed observations by these methods have proved
feasible even when the seeing was very poor.® Calder, 2 on the other hand, con-
cluded, ' The statements frequently found to the effect that, in contrast to what
might be expected, the interferometer does not require excellent seeing ccnditions,
are unduly optimistic. Atmospheric conditions appear to be the controlling factor,

and seriously restrict the possibilities of interference methods. "

If there is any gap between theory and practice, it probably arises from the
limitations imposed on the technique by the relatively slow detectors that are

*
Instead of the filar eyepiece, the source image could, of course, also be re-
corded on photographic film and measured after deveiopment.
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presently available Tlus, although the contrast of the fringes is not affected by
the atmosphere, the position of the fringes varies randomly in time. If, as is
often the case, the frequency of this motion of the fringes is beyond the band pass
of the detector, the measured value of the contrast is less than the actual value

and the result is that the source diameter as measured is foo large. Thus. under

typical experimental conditions, photographic detection of fringe contrast would
require an integrating exposure of several minutes. This is, of course, prohibitive
in all but carefully controlled laboratory experiments. Visually, the situation is
often considerably improved. The eye can detect the image in fractions of a second,
and typical atmospheric variations are on the order of a few cycles per second.

The celebrated experiments of Michelson and Pease used visual detection. Visual
detection has also been used in the present Tech/Ops program. However, there
are many practical problems where either or both of the following considerations
apply:

1. The intensity level is too low for visual detection.

2. Geod "seeing” conditions do not exist and one must detect

2 3

contrast in 10 < to 10”° sec.

The availability of photoelectric detectors of sufficient sensitivity and the devel-
opment of suitable techniques for photoelectric fringe detection would undoubtedly
alleviate some of the difficulties encountered by visual techniques; however, the

problem of detecting contrast in these short times has yet to be solved.

Raving outlined some of the problems encountered unde this program, which
seem to indicate that interferometers are more suited to the task of source size
measurement in the presence of turbulence, we shall proceed to discuss the various
types of interferometers which might be suited for the task.

THE FIZEAU DOUBLE-SLIT INTERFEROMETER

In 1868, Fizeau considered the fringes formed in a Young-type experiment
where the two slits were illuminated by light from a double source, namely, two
stars close together. A single wavelength was selected and two sets of fringes were
produced, one by each source. No i.terference effects took place between these

two sets of fringes, since no coherence existed between the two sources. Hence,
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the fringes added in intensity, not in amplitude If the two sources had similar
intensities and the two wavelengths were nearly the same, then two sets of inde-
pendent interference fringes could be made to superpos:z exactly and thus sharp
fringes be maintained; or the two fringes could be made to almost disappear if dis-
placed by a complete half fringe. The conclusion is that the visibility of the fringes
can be varied from 0 to 1 where the visibility of a set of fringes is here defined in
the usual way by:

lnax = ‘min

I + I . : (I)
max min

Visibility =

By placing a pair of slits ~f spacing d over the telescope objective, fringes are
formed in its focal plane. The intensity of these fringes varies according to a
0052 law, and their angular separation is A/d when a single source is viewed. If
now another source is also viewed and the two sources have an angular separation
of o at the objective, a second set of 0052 intensity fringes having the same separa-
tion is produced. The fringes formed by each source have a different center, and
the angular separsation of the centers is the angular separation of the sources. If
d is now varied until the two sets of fringes have centers separated by half a fringe,
then the angular separation of the fringes is known, sirce the fringe spacing can be
accurately determined. Thus, Fizeau was able to measure the angular separation
of a double star by varying d unti} the fringes disappeared; under these circum-
stances, the angular separation of the double star is 2x/d. A mathematical analy-

sis of this instrument is given in Chapter 4.

Michelson applied Fizeau's method to the measuring of the diameters of celes-
tial objects. Initially. he measured four of Jupiter's moons using a Lick refracting
telescope with slits placed over the objective. Later, acting on a suggestion of
Hamy's, Michelson replaced the slit apertures by rectangular apertures, and by
using mirrors was able to extend the effective separatioa of the apertures. More
recently, this style of stellar interferometer was used to determine the angular
size of cel _ ..al radio som'ces.3 Mco.oe recently still, Hanbury-Brown and "I‘wiss4

made important 1 ‘odifications which are applicable to both radio and visible sources.
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THE MICHELSON STELLAR INTERFEROMETER

i

The construction of the Michelson stellar interferometer is shown in Figure 2.

i

43.1‘8

symmetrically movable and perpendicular in axis OA. Light from the distant

The inner mirrors M2 and ’MQ are fixed, while the outer mirrors Ml and M

I

!

il

source after reflection by the mirrors passes through the two apertures S, and S2
and into the tclescope objective. Separation of the two beams is given by the sepa-

ration of the two mirrors Ml and M4 and can be made much larger than the aperture

of the objective. Therefore, the smallest angular diameter that may be measured
is determined by the maximum possible separation of the outer mirrors and not by
the diameter of the objective.

I i ittty

Figure 2. Schematic Diagram of the Michelson Stellar Interferometer

=
-
&
]
=
&£
@
¥
[
x
[
%
-




2 ,
In the image plane of the objective cos™, intensity fringes are seen. These

fringes fall off in intensity on moving out from the axis because of the diffraction

envelop of the apertures S, and §,. Consider a system in which S1 and S_ are

1

circular apertures. Then by making S1 and S, small, the Airy disc will be large,

2

and a considerable number of fringes will be seen crossing the disc. To determine

the source size, nmurrors M, and M-s are moved symmetrically until, at some dis-
i 9

tance d. the fringes vanish. The angular diameter of the star O is then given by

the expression
0 = 1.22x/d . (2)

The method is also ~daptable to the measurement of the diameters of micro-
scopic particies that cannot he resolved by the microscope. One important differ-
ence between the Michelson and the Fizeau interferometers is that Michelson's is
nonstationary (i.e., the fringes and their envelope do not move as a unit in the
image plane as the source is moved off-axis). A mathematical description including

this effect is given in Chapter 2.

Essentially, the fringes seen in a Michelson interferometer are two-beam
interference fringes formed by division of amplitude. If the two beams were com-
pletely coherent, then the fringes would have a visibility of 1 and, if incoherent, a
visibility of 0. The source to be measured is considered incoherent; but, since
light from a singie point of the source reaches all points in the field, and therefore
each aperture, there is some correlation in the field. By this type of consideration,
the visibility of the fringes can be calculated from the known parameters of the sys-
tem. However, it is more desirabie to describe the experiment in terms of modern
cchorence theory. Indeed, for the Hanbury-Brown and Twiss modification, it is

only really understandable from this standpoint.

In coherence theory, the term "partially coherent” is used to describe the
interfering beams. The resulting intensity distribution is then given by the follow-

ing expression

_ 1! A
Ip) = 1) + 1y + 2 ﬁllz Vigl €080, @)




I

e e

NSttty

where I1 and 12 are the intensities of the individual beams, and |v, ! is the so-

called degree of coherence For the case when II =1,,

1! At
= i1+ I~ o
Ip) = 2A( 1+ 4122 o5 ¢, (4)

~ /s

and h’l 2’ is equal to the visibility of the {ringes

“Xperiments to verify Eq. (4) have been carried out ana reported in the liter-

ature (Thompson and Wolf, o Thom:):;onb}.
FOLDING INTERFEROMETER

The only available description of this instrument, proposed by L. Mertz,
appears in a pair of advertisements. ( This instrument, which Mertz calls a wave-
front foiding stellar interferometer (Figure 3), is closely related to an earlier
model by W. M. Sinton. 2 Since no detailed theoretical treatment of the underlying
physics of this interferometer was available, an attempt to mathematically analyre
its potential seemed worthwhile. This analysis appears in Chapter 4 and its merits

are compared with those of other instruments in Chapter 5.

Varia

esee—— Beam Splitters /

bl Mirrors

-+

Figure 3. Wave-Front Folding Stellar Interferometer
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ATMOSPHERIC EFFECTS

The usual analysis of interferometers (see Chapters 2 ana 4) is only applicable
to source diameter measur:zments if the medium between the source and the tele-
scope is completely isciropic ard hcmogeneous. Yet, when using an interferometer
te determine the angular size of a star, it is not a good approximation to treat the
intervening med.um as isotropic and homogeneous. The question then has to be
asked: What effect does a real atmosphere have on the fringes in an interferometric

experiment?

To answer this question, it is necessary to discuss what anisotropy exists in
the atmosphere. To this end, consider a conceptual experiment in which a small
optical transmitter is set up in space well above the atmosphere. On the earth, a
receiver is set up consisting of a mirror and a detector (photomultiplier). The
mirror is directed at the source, and the output power is plotted versus the aper-
ture of the mirror. I .r quite small mirrors, the power increases as the square
of the aperture area. As the aperture is increased still further, however, the
received power increases at a slower rate, while for quite large apertures, the
received power grows only with aperture size. These are the same effects experi-

enced in scatter communications systems.

The power referred to above is the average power. If the experiment were
actually performed, the received power for a given aperture size would be seen to
fluctuate about a mean. The fluctuations can be described as Rayleigh noise and
have been discussed in detail in the scatter literature.

These results are easy enough to describe, The atmosphere may be con-
sidered to be a medium composed of spatially random variations in index of refrac-
tion. Furthermore, the atmosphere suffers random rearrangements in time. Thus,
a point source located beyond the atmosphere results not in a plane wave incident
on the aperture of the receiver, but rather in a highly distorted wave front. The
precise shape of this incident wave front depends on the detailed shape of the index
variations in the atmosphere at the time of the passage of the wave front. If the
scale of the wave-front variation is small compared to the aperture of the receiving
antenna (lens or mirror), then the resulting pattern in the focal plane has the ap-

pearance in space cf Ravleigh distributed noise.
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Under these circumstances, the gain of the system will depend on the location
of the detector relative to the power distribution in the Rayleigh noise pattern, as
illustrated in Figure 4. The light distribution in Figures 4(a) and 4(b) was obtained
by allowing a coherent but random wave front to be incident on a collecting aperture.
Clearly, if a point detector were used instead of a film, the output o1 he detector
would depend on its location relative to the maxima in this pattern. Since the loca-
tion of these maxima vary with each rearringement of the atmosphere, large vari-

ations in the output of a point detector are to be expected.

It should be noted that such spatially rundom patterns do not affect the coher-
ence of the radiation in terms of the Wolf's fc' nalism. Figures 4(a) and 4(b) show
the patterns through two d.fferent apertures, each of which is large compared to
the scale of the wave-front variations. Figure 4(c) shows the interferenc: pattern
caused by allowing light from each of these apertures to interfere. It should be
noted that at every position in Figure 4(c) where the light is detectable, there are
high contrast fringes. Since for quasi-monochromatic illumination the contrast or
visibility of interference fringes is identical tc the degree of coherence, it must be
concluded from Figure 4(c) that the coherence of the radiation was unaffected by
passage through the random medi2. In this experiment, the random nonise was

introduced by placing ground glass over the two apertures.

To continue the discussion of atmospheric effects, consider next the appearance
of the diffraction pattern when the receiving aperture is small compared to the scale
of the wave variations. Under these circumstances, the lens sees essentially a
plane wave whose direction varies from one instant to the next in a random fashion.
The shape of the diffraction pattern is thus the same as it would be if the intervening
atmosphere were replaced by free space. The location of this pattern, however, is
determincd by the random index variations in the atinosphere. Thesc variations
are essentially the phenomena respongible for the visually-observed "twinkling of
stars.” Here the pupil of the eye is certainly small compared to the scaie of at-
mospheric fluctuations. At every instant the eye forms a good image of the star,
but this image moves about in 2 random way cn the retina. This random motion of
the image is thus interpreted as a "twinkle.” While at any insiant such a small lens
is forming the correct diffraction pattern with the free-space gain, heamwidth, and

10 & U R L 1 N




(a) The diffraction pattern of an aperture (b) A similar photograph for an
with ground glass placed over it to identical aperture
introduce random noise

(c) The interference effects introduced

by allowing the light from the two
apertures to interfere

Figure 4. Effect of Random Noise on the Coherence
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side Jobe level, it is forming the | attern at the wrong location. In fact, the net
ga:  f such a small receiving aperture wil! be determined by the location of the
detec:or relative to the location of the maxima of this diffraction pattern. Thus. in

this case also, a point detector would observe a random varation in gain.

Tc provide a single constant description of thess phenomena, B«erzm9 introduced
an ensemble average formalism of coherence theory. In terms of this theoretical
picture, the nreceding phencmena are described by the following argument. A dis-
tinct quasi-monochromatic point source produces a essentially coherent plane wave
that impinges on the random media {atmosphere). Although passage through the
me Hia does not affect the coherence of the radiation in terms of Wolf's formalism
(see Figure 4), it does affect the e.isemble averaged coherence. In particular, the
finer the scale of the atmosphere variations, the greater is the reduction of the
ensemble averaged coherence at a wave front that passes through this medium.

The encemble average diffraction pattern of the receiving aperture may then be de-

scribed as a iffraction of partially coherent light.

In-a series of papers by Parrent and “kinner, B Thompson, u and Shore, e the
diffraction of partially coherent radiation has been examined in some detail for a
useful class of coherence funciions. The results obtained by these authors indicate
that the observable characteristics of the diffraction pattern (Strehl definition,
beamwidth, side lcbe level) depend on the detailed structure - “ the coherence func-
tion, in the diffraction aperture. In fact the characteristics of the diffraction pattern

are seen to vary evein quaiitatively with the form of the mutuai coherence function,

In Figure 5, the intensity patterr cf a slit illuminated by partially coherent
light ie plotted in angular coordinates. The curve-to-curve parameter, y, is the
ratio of the aperture size to tiic coherence interval. In particular, wheny = 0
(when coherent light is incident upon the aperture), the diffraction patiern is a sinc:2
patters of the diffraction-limited rectangular aperture. As this parameter is varied,
the height of the central maxinium diminishes, the nulis begin to fill in, 4and the
width of the central maximum and that of the side lobes increases. In Figures 6
and 7 theoretical and experimental curves for a circular aperture illuriirated with
light having a Besinc correlation {i.e., 2J1(x)/x where Jl(x) is a Bessel function of
the first kind) are shown. The agreement between theory and experiinent is known

to be excellent,
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In the preceding discussion, the atmospheric effects on image guality have
been described from two different points of view  From the first point of view,
detailed knowledge of the index variations in the atmosphere is required to predict
the performance of the given opticai system. In the second approach, it is neces-
sary only to know a certain statistical parameter of the atmospheric index varia-
tions. In particular. it i= important to know that the required parameter, the
coherence interval, is determined by the two-point coherence function describing
the random media. A complete statistical description of the performance of optical
instruments can be obtained by simply measuring the manner in which the index of
refraction fluctuates at various points in the atmosphere, Experiments involving
essentially point-to-point measurements with a refractometer cannot provide the
necessary parameters for the determination of the performance of optical instru-
ments that must look through the atmosphere, except under very special

circumstances.

Limitation on the Performance of an Interferometer

In the actual use of a Michelsop stellar interferometer, the size of the source,
which is incoherent, is measured by setting the spacing of the apertures for zero
fringe visibility. In this way. the correlation interval for the light arriving at the
instrument is determined. However, the value of the correlation interval is not
only determined by the size of the source, but also by the atmosphere. The atmos-
phere has the effect of making the corre ation interval shorter, and, since the cor-
relation interval is a time average. it is the time-averaged atmosphere fluctuations
that are important. This means that the answer obtained for the source size is
always too large. Therefore, a correction has to be made to allow for the atmos-

pheric effect on the correlation, if an absolute result is being sought.

It must 2lso be realized that the atmosphere sets a limit to the smallest size
of source that can be measured by an interferometer. Thus, atmospheric effects,
not engineering difficulties, determine the maximum separation of slits. To estab-
lish what limits should be set for the separation of thiese apertures requires a

knowledge of the magnitude of the atmospheric effects.

In a laboratory experiment, it is possible to investigate the effect of a simu-

lated atmosphere. because the source size i8 now a known quantity. Consider the




-

M st

type of experiment involv ng two-beam interference by division of amplitude for
measurement of the size of an incoherent source set up in the laboratory. If the
laboratory atmosphere is considered still, then the source size may he measured.
Since a source of known size can be used, the measured diameter may be verified,
and hence, if the known and measured diameters ~gree. then the assumption of a
still laboratory atmosphere is valid. The turbulence was introduced quite satis-
factorily by using a hot plate and the amount controlled by the voltage applied to
the hot plate. When this was done, however, the measurement oi the fringe visi-

bility was a difficult problem limiting the usefulness of the instrument.

SUMMARY OF THE WORK DONE

In Chapter 1 we discussed the problem areas encountered in this program and
the instruments to be used in measuring source sizes. A general discussion of
atmospheric effects upon these instruments was also given. In the remainder of
the report (Chapters 2-5) a rnathematical description of each instrument will be
given as well as a detaiied description of the experiments performed during this
contract. Some further effects of turbulence upon source size measurements are
aiso discussed. The results compare the relative merits and disadvantages of the
particular instruments as source size measuring devices. The analysis given of
the folding interferometer and the Fizeau interferometer in Chapter 4 was not per-
formed under this contract. In a subcontract to Block Associates Inc. on the Glow
program we were asked to compare the two instruments. Due to their relative
importance to the present problem the results are included here for the sake of

continuity and completeness.
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CHAPTER 2

THEORETICAL

CONSIDERATIONS OF
THE MICHELSON STELL

AR INTERFEROMETER

INTRODUCTICGN

Some theoretical effort was spent during this contract investigating the sta-
tionarity of the Michelson stellar interferometer. T. Holland observed (private
communication) that the impulse response of this interferometer was nonstationary.
It is of considerable importance to determine what effect this might have on source
size measurements; hence, considerable effort was expended to investigate the
problem theoretically. (The stationarity of the Fizeau version cf the interferomete~,
which consists of widely spaced double slits and a suitable focusing lens, is not

affected by Holland's observation.)

NONSTATIONARITY EFFECTS ON SOURCE SIZE MEASUREMENTS

The carefil tracing of rays through the aparatus of ¥igure 2 shows that no path
difference is introduced between the two paths through the interferometer by tipping
the wave front through a smali angle o to the normal. This result occurs because
of the symmetrical design of the original apoaratus by Michelson. If the system

were stationary, a path difference would be expected between the mirrors and the

slits. To show the effect of the nonstationarity on the system, it is advantageous
to derive its impulse response, or Green's function. Since the system is linear in
intensity, the image intensity can be found by performing the all space integral of
the impuise response times the object intensity distribution. The result will then
be compared with Michelson's to see what effect the nonstationarity has on the sys-

tem in measuring source sizes.

The impulse response is defined to be the intensity distribution in the image
plane from a distant point source. In Figure 2, represent the apertures as slits of
width 2b {see Figure 8), and consider the nature of the disturbance at the slits. If
the wave front is tipped through a small angle @ to the normal, then the disturbances
at corresponding points in the slits ir the x plane are out of phase by (2a) 2-/\. If
half of this phase is associated with each aperture in the x plane, then the
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disturbance at the center ci the upper
slit lags the disturbance at the center
of the lower slit; hence, the phase of
the disturbsnce at the upper slit may
be written as

-ikarx
e

3

while the phase of the disturbance st

the lower slit is

ik (-x)

~

No additional path difference is intro-

duced in going through the svystem.

To find the distuarbance at a slit
in the y plane, a change of variables
is made; fory > o (i.e., the upper
slit)

y=x-(5-5s)
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Figure 8. Nomenclature for Stellar
Interferometer

where the slit range is s - b <y < & + b; thus the phase at the upper slit in the y

plane is

e-ika(y +85-8)

(3)
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For y <o {i.e., the lower slit).

or

for the slit range -s - b <y < - s + b so that the phase at the lowar slit in the vy
plane is

e-ik&'(y» (S-s)) 6)

Equaticns (5) and i6) and their corresponding limits are the aperture distribu-
tio.. for the problem. Using Green's function solution to the wave equation, we find
that the image intensity disiribution, or the impulse response, is the square of the

Fourier transform of this aperture amplitude distribution. The image amplitude is

-5+ b s

+b
r R IS _ eV il ~ s - s )
Ulo.x) = ’s 5 ika(y - (S s))e ikya o \ o ika(y + S-5) B ikyo dy
P s -b (7)
Let o + 6 = ¢, where o is the angle of tip and © is the field angle
g-—s + b .}
/0 _ilev oS -
U©. a) = 1 | e ikv(a + ©) dy! ot IKE(S - 5)
H [ l
s
[ 8+b 1§
N ; K e-xky{a‘ + 9) dy% e-lkaf(b—s)
LS&: h -
-5 + b 4 b
= eka(s-s’) K e—lky¢ dy + e_lka(sws’ \ e”kym dy . (8)
—s\n b Su- )
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Msking the change of variables

¥y = ¥ - s in the first integral

o

and
y = ¥ + s in the second integral
we obtain
- ’ o
vio, @ = |k [08-9 se] | otk oS5 Sd’]l [ ety o g,
J

Performing the integral, rewriting the exponential term, and squaring the

answer yields
g(9,a) = U(O, a)¥2' = 16 b2 sinc? gT;Tb-‘ﬁcosz -i—’ff@s + IS - sja) . (9)

In Eq. (9), g(9, a) # g(© + «) alone, so convolution type integrals involving this
impulse response are not possible. This characteristic is called the nonstationarity
of the system. (Note: if S = s the system is swationary. This case is just the

Fizeau interferometer.)

What additional effect does this additional phase in the cosine term have on the
system? To answer this question we must actually image a source through this

linear system and perform the resulting integral .

If the source distribution is represented by Ic(a) over the physical source, then

4
O

Iim(e) = § Io{a) g(9, o) do . (10)
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where g(9, o) is the imj 1lse response given by Eq. (9). Substituting Eq. (9) into

i:)
Eq. (10) and expanding the cos™ term vields

Y
i (e) 9 I ' . 5
o \ I (o) .-':-irmg f_x_b(g + @) 1+ cos 4,,&.8_._*_2)_5; cos 4”.(5_:_§}E
. VY A : A X
16 b o L

0 11)

. A
- sin 47ri9—f)—‘—€'—')§ sin 41:13——7\—:23.} da = I + 1, - 1

Fourier-transforming such relationshirs yields

T0) N B e 12)

8 b =
i

Using Eqs. (11) and (12)., we obtain

oC ao
4 4 — i
L) = g ( I(@) sinc? 2nb(© + @) da e ~"#9 4o

—w
O

Representing the spatial star distribution by D(«) for all space and using Eq. (12},

we find that

T = Di-w) Tw)

let
Dia) = 1 0 < G <«
QO - - 8}
0 - > O >
S(x) = sinc (2mx) (13)
22 8 y (B t i b (& 1 o N 8 M A 5 5 A C " u < L T T s




' 2b - gl = atriangular tinction lul < 2b !

L
b= 2,

A

S-s8
= A

A 3
_S..:S"
A

Using this notation, we see that

1 - ] .
L = 2a S(Clop)4b’2T(b /)

Similarly, we obtain

Tyw) = Dyl-u) £,

where
ﬁo(‘ll) = ( e’Zﬂ("“) D(a) cos 4r& o do
90
£fo2 -2rip¢
fz(p) = \ sinc” 2ntyp cos 4ns’dp e T
leo
8 U R ] H N G T [+] N L] L A L3 -4 A & H

do

rech aps

~

)

i
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where D(«) is given by Eq. (13). Since the Fourier transform of the cosine is two

& functions, these integrais become

g

r 3
Byu) = @ {5 a g - 2«:\-'>J +S iLao(u + ?A"]j

L L
and
T - - Lrw - 2s) « Ty + 29
2(’1 - 2 92 F ' BTz )j *
1b’ S
so that
o
~ ~\ )
I,@) =—°—fs<a - 28%)) fs(a @ + 24%)
27 gy O\ / ° )]
X lT(b“ /u - 28)+ T /u+ 2¢ )} .
Similarly, we find that
13(#) = D3("u) fgiﬂ) s
where
D, (-u) = 5 (orfritwda  py 2rial 2ni2'0  -2ni2A .y 4 g,
1 (9 [ \ /
- -0C
- _217 (: 5(5) 1' ( eZn’icx(u + 4+ 247) _ eZWiG(p + ¢ - 247) da_) at
:Jac L.L’ue J
24 B U g J i N o T 2 N [ ] M A

(15)
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D is giver by Eq. (13) and S is a symmetric function so

~ AT/ > /- N -!
Do(-u) = — Sla (u+24") -8{a (u-120) | (16)
3 i \ © y 0 7
and
~ 1 [ _ 1
To) = —5 T /u-28) - T /u + 2s’)j . (17)
Bb ™ «
Combinirg Eqs. (16} and (17) yields
T W) = - a°2§_5<a' u + 2A')\ -S(CI u - ZA’)\‘}
s sy el \© / \°© J
r !
X ATW /u~8)-T@O /u+ 28)F . (18)
“ J

Substituting, Egs. (14), (15). and \.") into Eq. (12). we see that

~ . ~
T) = 2(10?\2 2T /u) s<uo,,:t + S<ao(p - zm), T /u + 25')
L /

/ N
+ SK&O(;J P28 T /p - 28 )} . (19)
s i

To find the image intensity distribution in the image plane, "ve must take the
inverse Fourier transform of Eq. (19). This leads to a cumbersome answer which
will not be included since it gave no more information than the special cases which

we shall now consider.

CASE 1

Assume that T 18 so narrow compared to S that it is essentially a & function

centered at its y argument, Physically, this corresvonds to the case of point
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collectors or infinitesimally small slits in the interferometer. Taking the inverse

Fourier transform of Eq. (19) and using the symmetric property of S yields

2[ N\
= 9 3 ;. Ofo? s H
Iim(e) uaox . 28{0) + 28 (aog(s + A )/ k 2cos 478’6 (20)

A
where S(0) = 1. The contrast of the fringes, or the coherence given by

1 -1 .

max min
Bio =T — 7 — > (21)
12 Imax ' Imin

(2&08>
S Y . (2%)

This function is zero when the argument of S equals 7. The source size is given by

is

20 = - . (£3)

This is the same resuit obtained by Michelson. For circular apertures

_1.22)

Zao = T35 (23a)

CASE 11

Assume that the sinc functions in Eq. (19) are constant. Physically, this
means that the source is a point represented by a 5 function that is ulways com-

pletely unresolved. Fourier-inverting Eq. (1Y) under such conditions yields

ot

() « 2 S‘ T /p) ezmed_u (1 + cos 478'8) , (24)

-

showing that the contrast of the fringes is unity.
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CASE III

Assume that the slit size is finite. Obviously, the star must be so small that
it cannot be resolved by the aperture 2b. If this aperture could resolve the star,

the outer mirrors would not be necessary in the apparatus because the source size
would be directiy obtainable in the absence of turbulence.

The resolution of the aperture is

@, << g (25)

Therefore, in Eq. {19) the sinc functions are very broad compared to the triangular
functions and may be treated as constant over the range of the triangular function.

With this assumption, a Fourier inversion of Eq. (19) shows

— o
mn a
I. (8) = 4a 7\2 . \ T /u) eZm,u@ du" rl + S(L’a (s + A')\ cos 4ks’8} ,
im (o) i i le) /
- L
-0 J
(26)
and the contrast of the fringes is
20 S\

[s]
S S ) ,
which yields Michelson’s resuit.
CONC LUSION

Case III covers most cases of physical interest for which the stellar interferom-

eter would be used. Cases for which the sinc function cannot be treated as constant
wouid e those where
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(i.e., the star is resolvable by the telescope aperture). In this event, the
Miche!son stellar interferometer is not necessary because either the Fizeau inter-

ferometer or the telescope will enable a source size measurement to be made.

It may be concluded that, even though the stellar interferometer of Michelson is
nonstationary (i.e., the fringes and envelope do not move as a unit in the image
plane when the cource is moved off axis). the source size is still given by

Michelson’s ~lassical result that the coherence function is

[ 20 S )

S‘\?\,

and the resulting source size is

The nonstationarity of the system does not matter as long as condition (Eq. {23)) is

obeyed. This apparently covers all cases of practical interest,

EFFECTS OF TURBULEKNCE ON ANGULAR DIAMETER MEASUREMERTS
USING AN INTERFEROMETER

In this section we shall outline the method for measuring the angular diameter
between two distant, incoherent, quasi-monochromatic peint sources using inter-

ference experiments. We shall use arguments similar to those first given by

Michelson. The nonturbulent case wiil be considered initially and then the turbulent,

When two point sources S, and S2 are very distan., the radiation impinging

1
upon the measuring apparatus may be represented by twe plane waves, Referring

to Figure 9, we consider the plane wave originating at S1 to propagate perpendicu-
larly to screen A and the plane wave from S, to propagate at angle O to the wave

from Sl‘ 13'1 and P2 are two pinholes on screen A a distance d apart. ‘The screen

B is taken to he in the far field of the two pinholes in A.

The fringe intensitv pattern due to the scurce S, above is shown by the solid

i

and the minimum at N,. The minimum

line on B. The maximum intensity is at Ml ;
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Figure 9. Spatial Relationship Between Two Sources and Interferometer

point occurs because the rays from P1 and P:2 are out of phase here. The fringe

intensity pattern resulting from S, above is given by the dotted line. Since the two
sources are taken to be incoherent, the intensities on the screen add, and the

observed fringe pattern is the sum of the individual patterns.

If d is very small, M1 and M2 will almost coincide and the sum of the two in-

dividual patterns will exhibit very sha1p fringes. As d increases, however, M

1
and M2 separate, and eventually Mz coincides with Nl' At this point the sum
pattern exhibits no fringes (assuming S1 and 82 are of equal intensity). For fixed
9 the distamce d for which M2 and Nl coincide, say dM’ determines ©. Calculation

shows that © = ,}'\/Qd,vI (X is the rean radiation wavelength).
i

Thus, ia the absence of turbulence, one need only observe the iringes on R as
a function of d to determine the angular diameter of two distant, incoherent, quasi-
monochromatic point sources. Note that we must use quasi-monochromatic l.zht

since the fringe wavelength (distance between M, and the next peak) depends upon
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the radiation wevelength. Further, all path-length differences we consider must b:
less than ¢/Av (Av is the frequency spread of the radiation, c¢ is the velocity of
light).

When turbulence is present, the picture given above may or may not basically
change. We will consider here only turbulent fields in which the characteristic

period of turbulent change, 7., is very long compared to 1/Av. In times short com-

t!
pared to Ty but long compared to 1/Av, the radiation thus passes through a medium
that may be considered fixed in time. In this medium, however, the index of

refraction varies with position in contrast to the nonturbulent case.

In times short compared to Te the radiation from S, alone is scattered prior

1
9° If, however, the additional path lengths introduced are

still << ¢/Av, then the pattern displayed on B will still be a cosine pattern for

to reaching P1 and P

averaging times short compared to 7,. If one observed the fringe pattern -a B as

¢
a function of time, one would see the fringes move about as t exceeded Ty hut

remain stationary for times much less than r,. If we are able to observe both S

t 1
and 52 separately, we should observe two cosine patterns moving about as a function

of time.

If the two cosine patterns do not move relative to each other and thus the dis-

e B B T TET—

tance from Ml to M2 remains fixed for fixed d, then we can determine the angular
diameter of the source by measuring the fringe visibility for times short compared
to Ty In this case, the turbulence does not disturb our measurement of angular
diameter, it only forces us to make our measurements in times short coin_ared to
T,
If the two cosine patterns do move relative to each other, then we cannot deter-
mine the angular diameter of the source. In this case a separation d may yield no
fringes at time t, and significant fringes at time t2 if t2 - 1> Ty The utility of
interferomeiric measuremenis to determine angular source size thus requires that
the cosine pattern resulting from 82 not move rela:ive to the cosine pattern from
S1 for times much greater than Ty
To determine if the cosine patterns move in phase, we return to Figure 9.

Consider two cases: (a) the atmosphere extends from A to Q; (b} the atmosphere

30 8 U ®& L t N & T © N & W A& s S A C ® u s E£E T 1 %




ml“;

extends {rom A to R. In case (a) the rays from S do not cross the rays from S1

until well beyond the piane Q@ {or the value of d eho»vn If this is the case when
d= dM’ then the radiation from 82 may experience for the most part a different
turbulen* field than the radiation from Sl‘

turbulent scale is of the order of d or less,

It will experience a different field if a

Here we should expect to find that the
fringes shift relative to each other for large t,

When all the turbulent eddies important for scattering have a scale much

LSRR AR R s

greater than d, the situation is more favorable. In this case the radiations from

S1 and 82 experience the same turbulent field and we should again expect the cosine
patterns to move in phase.

In case (b) the radiation reaching P {or P ) from S1 and S experiences almost
the same turbulent field, and we expect the frmges to move together In this case

we would hope to be able to measure the angular diameter O even in the presence
of a turbulent field.

RS

The crossover point K depends upon both @ and dM' As we mentloned above,
M = /26 and thus the distance z may be determined. We find z = 7u’26 for

O << 1. The criteria for determining the critical O is thus z/S = A/.?Sez =1.

Assummg a sensible atmosphere of about 10 km and a wavelength of light of
5x10°° cm, we have the reiation

ESTHREHL L ER MR RS

z_2.5x10" 1
5 o2

P -
so that 2/8 = 1 at roughly © = 10™° rad. We note that 10 > rad = 2 sec.

The same arguments as given above apply to a continuous source distribution

of diameter D. Here, however, the >onstants change somewhat since we must add

up a large number of cosine patterns, not just two patterns.

The rough figure
10 = is still a good order-of-magnitude number.

WM

The angular diameter of the star 2 Orionis first meaeured in this manner by

Michelson and Pease was 0.055 sec, so that good measurements could be made in
spite of atmospheric turbulence.

FHESH I

If one chooses to measure the angular diameter
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of a 10-m object at 100 km, however, O = 103/107 = ].()’4 and the method would be

expected to fail if the turbulent scale is of the order of dM = (¢.5cm. Inthe
atmosphere, the microscale of turtxlence is of the order of millimeters

It is interesting to note that these arguments explain why planets do not twinkle
as much as stars. The angular diameter of Saturn is = 20 sec and the angular

diameter of Jupiter is ® 50 sec. Using the formula

z . d
S~ &

4

where now we take d as the size of the pupil (8ay 0.5 cm), we have

z_ 0.5x%x107°
5§ ®

or & %1078

Stars have angular diameters less than 107 Hence, the rays from all direc-
tions experience the same turbulent field and the fluctuation in intensity may be
large. For planets, O > 10'6 and the rays from different directions expcrience

different turbulent fields, and the intensity fluctuations tend to cancel somewhat.

SUMMARY

In this chapter we discussed theoretically the Michelscen Stellar Interferometer
and some effects of turbulence on source size measurements. It was seen that the
nonstationarity of the Michelson stellar interferometer has no effect upon source
size measurements made by the instrument. The Fizeau and Mertz interferom-
eters, which are also used for source size measurements were recently studied at
Tech/Ops in a subcontract to Block Associates, Inc. for the Glow Program. The
results of this study are included in Chapter 4. In Chapter 5 the instruments are

compared. In the next chapter the experimental program performed under this
contract is discussed.

32 8 ¢ R L I N 6 T © N & M & § S5 & ¢ ® Yy 5 £ T Y1 s




CHAPTER 3

EXPERIMENTAL STUDIES

FIZEAU DOUBLE-SLIT INTERFEROMETER
PRELIMINARY EXPERIMENTS

Preliminary experiments were made to ascertain some of the critical param-

H! o

eters for future work. A Fizeau double-slit interferometer was used. The source
consisted essentially of a pinhole illuminated by a high pressure mercury arc
through a 3461 R interference filter. A 66-cm focal length lens was mounted

300 cmn from the pinhole, its focal plane about 85 cm from the lens. One of a set
of diffracting apertures, each with two holes 0.074 cm in diameter, was positioned
close to the lens. The holes were 0.5, 1.0, 1.8, 2.0, and 2.2 cm apart. The two
small apertures were placed in front of the much larger telescope aperture. As
the smail circular apertures initially adjacent were moved apart, the visibility,

g 2 of the two-beam intereference fringes in the focal plane of the telescope de-

creased until at a distance

o5 - L.222

ext 20
[¢]

the visibility had become zerc (see Eq. (23a)).

This was checked experimentally with a 100-y diameter pinhole. With the
diffraction apertures as far as 1.8 cm apart, interference fringes were visible in
the focal plane. At 2.0 cm, they disappeared; at 2,2 cm, they reappeared. This

is in accord with the coherence function. Taking 2Sex = 2.0 cm, we obtain

t

_1.22x0.546x 10°*

2

200 = 0.0334 mrad

This corresponds to a pinhole diameter of 0.0334 x 10-3 Xx300cm=0.01cm=100y
in agreement with the actual diameter used.

A hecated wire was then placed at various distances between the pinhole and the
diffracting apertures. The visibility of the fringes as judged by the eye seemed

Bt sntarh
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relatively unaffected by the resulting air convection currents. Occasionally,
however, a slight biurring took piace that seemed to coincide with a rapid move-

ment of the image disc.

A direct measurement of the source diameter was attempted by removing the

diffracting apertures and observing the aerial image with a microscope equipped
85cm 28

300cm  “H

in diameter. The radius of the lens diffraction patiern, r = 1.22 fA/Lens aperture

with a filar eyepiece. The demagnified image of the pinhole is 100y

= 7.2 i for the arrangement described. Although the image is resolved, its appar-
ent diameter is therefore increased by about 14 1. An accurate measurement
would necessitate an intensity scan along the diameter and a measurement of the
distance between two points at which the intensity is one half of its maximum value.
The image disintegrated when a heated wire was introduced in the regicn between
the pinhole and the lens.

An evalvation of a photographic interferometric technique to measure the diam-
eter of sources was also begun. Under certain conditions (which were met in these

experiments) the coherence factor can be shown to be equal to the visibility factor,

I -1
_ ‘max min
812 7 T

+ 1 .
max min

(see Eq. (21)); and since for circular apertures
) 2J, (x)

B2 X

where J 1(1'() is the Bessel function of the first kind, a knowledge of any value (not
necessarily zero) of g5 for a given value of d should make it possible to determine
the scale of the abscissa and hence of zsext‘
To test this method, source diameters of 25 and 100 1 -vere used. The result-
ing fringe patterns formed by the Fizeau type interferometer were recorded on
Pan X film. The film was developed in D-76 for 15 min to a gamma of unity, and

was then scanned by a Joyce-Loebl microdensitometer. Using a D log E curve.

34 8 u R L 1 N 6 YT O N e M & % = A C H U s £ ¥ 7 s




we translated the D and D, valuesinto [ and I_. and hence into g _ for
max min max min 12
a given value of 28. The resulting values for the diameter of the pinhole were too

high; i.e., the experimental values for g. , were too low. One or more of the

12
following factors may be responsible for the loss in contrast:

1. Film Characteristics — The :-odulation transfer function of the film

depends both on intrinsic factors, such as grain size, grain distribu-
tion, and film thickness, and on extrinsic factors, such as exposure,
type of developer, method of agitation, and the like. For fringe
spacing of 10 lines/mm or more, some reduction in film response
must be expected. Quantitative data for the film response under

the stated conditions have not as yet been obtained.
2. Film was not quite in the focal plane of the lens.

3. Vibrations in the building were transmitted to the components on
the optical bench.

4. Aberrations were present in the lens,
5. Errors were introduced by the microdensitometer.
FURTHER EXPERIMENTS

In the preceding sections, a Fizeau interferometer has been briefly deseribed
and some measurements of source diameter were reported. These and subsequent
measurements using {. _.ige extinct.on as a critc “ion were relatively unaffected by
air turbulence and agreed to within about 10% with the actual source diameter used,
A direct measurement of the image, on the other hand, under the same conditions
of turbulence was difficult, if not impossible. This difficulty is illustrated in
Figure 10. Figure 9 is a schematic of the telescope arrangement. Figure 10(a)
shows a direct image of the light source with the heater off. It should be pointed
out that, even with no artificial turbulence introduced, the diameter of the source
cannot be accurately ascertained from the diameter of the photographic image,
since the latter depends on the exposure and is, furthermore, diffraction-limited.
Figure 10(o) shows the same image with the heater on. An additional image en-

largement due to turbulence is quite evident; the enlargement is asymmetric because
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of the vertical motion of the heated air. The visual impression is one of rapid

image motion predominantly at right angles to the direction of tiic air currents.

The Fizeau interferometer experiments described so far made use of sets of
diffracting apertures with holes separated by discrete distances. A new component
was designed and fabricated to allow the space between the apertures to be changed
continuo” sly. A cable was attached to the screw on the device so the operator can
change the distance between the apertures while viewing the fringes. The design,
shown {n Figure 11,also maintained identical distances between € ich diffracting
aperture and the optical axis. The new component was placed on a 4 ft x 6 ft granite
table that rested on the floating floor of a recently completed building and provided
a relatively vibration-free support. The table is flat to within 0.0006 in. The light
source, placed at a distance of 2,054 cm from the interferometer, consisted of a

pinhole illuminated ircoherently with filtered light from a mercury arc source.

In a typical experiment the pinhole light source was 0.0685 cm in diameter.
With the variable diffracting apertures positioned close {o a lens with & 26-in. focal
length and a 3-in. diameter, fringes were observed in the focal plane (using a low
power microscope) for aperture separations less than about 2.3 em. Near 2.3 cm
the fringe visibility approached zero. Using the symbols of Chapter 2, we find the
calculated source angle, o, is then given by:

_1.22) _ 1.22x 5461 x 107 5

ao 3 3 3 = 2.9x 10 " rad
ext
, 0.0685 -5
The actual angle subtended by the source was a = 2054 - 3-3x10 rad.

The discrepancy is likely to be the result of some uncertainty in the visual estimate
of zero visibility This estimate is made difficult by the relatively high spatial
frequen~ of the fringes, and is aggravated by minor air currents that alvvays tend
to be present in the air path between the source and the interferometer. These air
currents may be caused by the air ccnaitioning system and by thermal gradients

ex sting within the laboratory.

The factors mentioned above also prevent an accurate measure of fringe cor-
trast to be obtained by -means of photographs for which the exposure has to be lornger
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than a fraction of a second.

In the Fizeau arrangement descrioed, the Iringe
spacing rather than the lens diameter seis a limit to the smallest angular source
diameter that can be determined.

MICHELSON ST: LLAR INTERFEROMETER
DESIGN PARAMETERS

The Fizeau setup was subsequently replaced by a Michelson arrangement as
shown in Figures 12 and 13. The inner mirrors consisted of a small, right-angle

prism aluminized on two sides. The outer mirrors were flat to within 1/8 wave-

length; one of them was attached to a mechanical stage that could be moved accu-
rately to vary its spacing from the optical axis. The diffracting apertures (visible
in Figure 13) were 2.5 mm in diameter and 1 cm apart. The close spacing pro-
vided a relatively wide fringe spacing that eliminated the need for high magnification
in the viewing microscope. The fringe spacing is, of course, determined solely

by the separation of the diffracting apertures and is unaffe~ted by the separation of

the outer inirrors. Much greater coherence intervals can therefore be sampled
than by the Fizeau arrangement.

A possible disadvantage of the Miche!lson arrangement is the extreme precision
with which the mirrors have to be aligned to obtain exact overlsp of the diffraction
discs. Furthermore, because of the short cohere<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>